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Abstract 

We present a calculation of three point functions for a class of chiral operators, includ- 
ing the primary ones, in (i = 3, A/" = 8; (i = 6, AT = (2, 0) and d = 4, Af = 4 superconformal 
field theories at large A^. These theories are related to the infrared world- volume descrip- 
tions of coincident M2, M5 and D3 branes, respectively. The calculation is done in the 
framework of the AdS/CFT correspondence and can be given a unified treatment employ- 
ing a gravitational action in arbitrary dimensions D, coupled to a p -|- 1 form and suitably 
compactified on AdS£)_2-p x S2+p. The interesting cases are obtained setting {D,p) to 
the values (11,5), (11,2) and (10,3). 
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0. Introduction 



The AdS/CFT correspondence [1-3] is a useful tool to study strongly coupled confor- 
mal field theories (CFT). It relates the generating functional for correlation functions of 
gauge invariant operators in certain large N CFT to the on-shell value of a corresponding 
dual supergravity action suitably compactified on AdS x M spaces. When the dual pair 
is known, a tree-level computation on the supergravity side gives a prediction on the oth- 
erwise inaccessible strongly coupled CFT. The most studied case relates IIB supergravity 
on AdSs X S5 to c? = 4, = 4 large N SU{N) super Yang-Mills (SYM) theory, where a 
variety of correlation functions have already been computed using the correspondence (see 
the review [4] also for a list of references). In particular, three point functions for a set of 
chiral primary operators (CPO), namely those corresponding to the so-called single trace 
operators, have been computed in [5]. Other three point functions involving the CPOs 
have been computed more recently in [6,7], in part with the aim of addressing eventually 
the more complicated case of their four point functions [8] . 

The d = A, J\f = A SYM theory, which can be thought of as describing the low energy 
dynamics of D3 branes in type IIB superstring theory, is not the only example with 16 
supersymmetric charges. Other dual pairs involving maximally supersymmetric CFT have 
been identified in [1], namely "IID supergravity on AdSy x S4 / d = 6, = (2, 0) large 
N SOFT" and "IID supergravity on AdS4 x S7 / d = 3, X = 8 large N SOFT". These 
pairs describe the low energy physics of N coincident M5 and M2 branes of M-theory, 
respectively. In this respect, the AdS/CFT correspondence has been used in [9] to identify 
CPO three point functions in the d = 6, jV' = (2, 0) SCFT case, while the present authors 
produced in [10] the set of CPO three point functions for both cases. In this last reference, 
we could treat simultaneously both cases by employing a gravitational action in arbitrary 
dimensions D, coupled to a 1+p form, suitably compactified on AdS£)_2-p x S2+p- Setting 
at the end {D,p) to the values (11,2) and (11,5) allowed us to recover the M5 and M2 
cases, respectively. We also noticed, with some surprise, that the general model with 
{D,p) = (10,3) was able to reproduce the super Yang-Mills case worked out in [5]. 

As promised in [10], in this paper we present more details on the calculation leading 
to the CPO three point functions for all of these maximally supersymmetric CFTs. In 
addition, we extend it to include another class of scalar chiral operators sitting in the 
same short supermultiplets identified by the chiral primaries. Including them gives us 
the chance of producing quite large a class of three point functions with minor efforts. 
Note that obtaining the additional three point functions from the CPO ones by using the 
superconformal algebra seems possible in principle, but may be rather cumbersome. The 
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sources for the CPOs are given according to the AdS/CFT correspondence by the Kaluza- 
Klein tower of scalar fields with lowest mass, to be denoted by s/, while the extra primary 
operators we wish to consider are scalar operators which couple to another Kaluza-Klein 
tower of scalars to be denoted by tj. These sj - tj fields are identified as mass eigenstates 
contained in the perturbations of the trace of the metric on S2+P and of the 1+p form on 
S2+P. Also, we show why our general model is expected to reproduce the super Yang-Mills 
case by setting (D^p) — (10, 3). This gives us the opportunity of computing a new class 
of three point functions for the latter theory. 

The paper is organized as follows. In sect. 1 we show why and how all these various 
cases of maximally supersymmetric CFT can be treated in a unified scheme which employs 
a general gravitational action. In sect. 2 we present the calculation identifying the bulk 
cubic couplings of those physical fluctuations which couple to the primary operators of our 
interest. In sect. 3 we use the couplings to compute the normalized three point functions 
for the given set of primary operators. Finally, in sect. 4 we present our conclusions and 
leave appendix A to set some notations for the scalar spherical harmonics on the sphere 



1. Justification of the method 



We consider flrst the case of branes in M-theory. According to the AdS/CFT cor- 
respondence principles [1-4], the low energy world volume conformal fleld theory of 
coincident M5 (M2) branes at large is described by D = 11 supergravity compactifled 
on AdSr x S4 (AdS4 x S7) [11-13]. The conformal operators of the CFT on the AdS 
boundary are related by duality in a precise way to the operators of the bulk AdS field 
theory representing the fluctuations of the supergravity fields around a maximally super- 
symmetric Freund-Rubin background [14]. As explained in the introduction, the aim of 
this paper is the computation of a class of bosonic three point functions of these CFTs. 
Thus, we need to consider only a certain subset of bosonic fluctuations described below. 

The action of the bosonic sector in the usual 3 form formulation oi D = 11 supergravity 
on Mil is given by 

1=^1 \R{9) *gl-F4A *gF^ + A A F4I . (1.1) 

Here, R{g) is the Ricci scalar of the metric g and F4 = dA^^ is the 4 form field strength of 
the 3 form field ^3. 
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For the M5 theory, Mn = AdSy x S4. The Freund-Rubin background g, A3 is 
such that g is factorized and F4 = -^(0,4) ^- The fluctuations of g and ^3 around the 
background, relevant in the analysis that follows, are such that g remains factorized and 
F4 = -^(0,4) + (^0(0, 3)- By dimensional reasons, for such fluctuations the integrand of the 
Chern-Simons term vanishes identically. Thus, we may use the truncated action 
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/ \R{g)*gl-F4A*gFA, (1.2) 

JAdS7xS4 '- 



'AdS7XS4 

g = g'(Bg", F4 = ^(o,4) + cia(o,3). (1.3) 

For the M2 theory, Mn = AdS4 x Sy. The Freund-Rubin background g, is such 
that g is factorized and F4 = -F(4,o)- The relevant fluctuations of g and A^ around the 
background are such that g remains factorized and F4 = -^(4,0) + dO'{s,o)- The integrand 
of the Chern-Simons term vanishes identically for such fluctuations in this case as well by 
dimensional reasons. Thus, we may use the action 

^ = A / *9 1 - F4 A *gFA , (1.4) 

^AdS4xS7 '- 

9 = 9'® 9", F4 = F(4,o) + rfa(3,o). (1.5) 

Superficially, this seems to parallel the M5 case closely. However, a closer inspection reveals 
that the relevant scalar fluctuation contained in 0(3 0) comes about as the solution of the 
constraint 

*g' 0(3,0) = (1.6) 

entailed by gauge fixing at quadratic level, which is difficult to implement in an off-shell 
fashion. This problem can be solved by means of a standard dualization trick. On notes 
that the action f {—dAsA*gdAs) is the reduction of the more general action f {—F4A*gF4 + 
2Fr A (F4 — dAs)) upon substituting the F7 field equation F4 — dAs = 0. Substituting 
first instead the As and F4 field equations dF^ — 0, Ft = *gF4, one gets the equivalent 
dual action J{—dAQ A ^gdA^), where Aq is the 6 form field solving the Bianchi identity 



^ Consider the D dimensional space time Md = AdS_D-2-p x §2+^. We say that a 
metric g on Mr, is factorized if g has the block structure g = g' ® g" where g\ g" are 
metrics on AdSD-2-p, S2+P, respectively. We denote form degree on Md by a subfix, e. 
g. a;^ is a r form on Md- Similarly, we denote form degree on the factors AdS£)_2-p, S2+P 
by a pair of suffixes, e. g. uj{r,8) denotes a r + s form on Md that is a r form on AdS£)_2-p 
and a s form on S2+p. 
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= 0. In the dual formulation, the Freund-Rubin background g, Aq is such that g 
is again factorized and Fy = -F'(o,7)- The relevant fluctuations of g and Aq around the 
background are such that g remains factorized and Fy = -^(0,7) + cia^o.e)- To summarize, 
the action is 

^=1^/ k^) 1 - F7 A *,F7l , (1.7) 

g = g'®g", F7 = F(o,7) + da(o,6). (1.8) 

We now turn to the case of D3 branes in type IIB superstring theory. According 
to the AdS/CFT correspondence, the low energy world volume conformal field theory of 
a large number of coincident D3 branes is described by D = 10 type IIB supergravity 
compactified on AdSs x S5. Again, the conformal operators of the CFT on the AdS 
boundary are related by duality in a precise way to the operators of the bulk AdS field 
theory representing the fiuctuations of the IIB supergravity fields around a maximally 
supersymmetric selfdual Freund-Rubin background [15]. To compute the set of bosonic 
three point functions we are interested in, we need to consider only a certain subset of 
bosonic fiuctuations described below. We may try to proceed as we did above dealing with 
M theory and begin our discussion from the fully covariant action of the bosonic sector of 
type IIB supergravity worked out in ref. [16], but this does not seem to bring us that far. 
Thus, we follow a different path which wc arc now going to explain. 

For the D3 brane, space time is Miq = AdSs x S5. The relevant fields arc the metric 
g and the Ramond-Ramond 4 form field A4 with selfdual field strength F^'^ — dA^^ 

Fi'^ = *gFf. (1.9) 

Further, Einstein's field equations hold 

R{g),^ 1 = Fi\ A *,Ff^ (1.10) 

where R{g)ij is the Ricci tensor and F§'^i = ^F?^j,i^dx^ A dx'' A dx'' A dx'^. 

The selfdual Freund-Rubin background g, A4 is such that g is factorized and Fg*^ = 
2~^(F(o,5) + *gF(o,5)). The relevant fluctuations of g and ^4 around the background are 
such that g is factorized, as usual, and Fg"^ = Fg"^ + da^, where 04 = 2~5(a(4 Q) + a(o,4)). 
The selfduality equations relate the fluctuations a(4^o)) oi(o,4) ^ 

*g ((^(1,0)0(0,4)) - C^(0,l)^(4,0) = 0, (l.llo) 
*g (C^(0,l)a(0,4)) - (^(1,0)0(4,0) + (*g " *g)F{0,5) = 0. (1.116) 
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Therefore, a(4,o) is not independent of a(o,4) ^ ^CL- (l-Ha) allows in principle to express 
0) in terms of a(o,4)- Taking the selfduality equations into account, one can check that 
Einstein's equation can be written in terms of a(o,4) only 

R{9)ij *5 1 = (^(0,5) + rfa(o,4))i A *g(F(o,5) + <ia(o,4))j 

- bij{Fio,5) + da^o,4)) A *9(^(o,5) + cJa(o,4))- (1-12) 



Let us examine the above field equations from another point of view. We consider an 
action of the form 

/ = / \R{g)*gl-F5A*gF5], (1.13) 

where ^ is a metric and F5 = dA4 is a 5 form field strength, not necessarily selfdual. We 
pick a Freund-Rubin like background g, A4 where g is factorized as usual and F5 = -^(0,5). 
We restrict to fluctuations for which g remains factorized and F5 = -F'(o,5) + '^a(o,4)- The 
field equations deduced from this action for the a(o,4) fluctuations are 

^^(0,1) ( *9 ((^(1,0)^(0,4))) = 0, (1.14a) 

d{0,l) ( *g (t^(0,l)O(0,4)) + {*g - *9)^(0,5)) + ^^(1,0) ( *g ((^(1,0)0(0,4))) = 0. (1.146) 

From (1.14a), recalling that -f^^deRhaml^s) — 0' 

*9{d{i,o)a^o,4)) = ci(o,i)a(4,o) (1-15) 
for some 4 form 0(4 o). Substituting this relation in (1.14b), one gets 

C^(0,1) ( *g (C^(0,l)«(0,4)) - Ci(l,0)a(4,0) + i*g " *5)^(0,5)) = 0. (1.16) 

Using that -f^deRhaml^s) ~ ^^is equation can be integrated once, yielding 

*9(C?(0,1)'^(0,4)) - (^(l,0)a(4,0) + {*g " *g)F{0,5) = ^(5,0), (1-17) 

where the 5 form a;(5^o) satisfies 

C^(0,l)^(5,0) = 0, (1.18) 
but is otherwise arbitrary. As -f^deRhaml^^^s) — 0' there is a 4 form 0^(4,0) such that 

•^(5,0) = <^(1,0)'^(4,0)5 C?(0,l)'^(4,0) = 0. (1-19) 

Now, from (1.15), it is evident that a(4,o) is not uniquely defined and might be redefined 
into 0(4,0) ~ '^(4,0)- By doing so, we can assume that 

a;(5,o) = (1.20) 



in eq. (1-17). We could have arrived to eq. (1.20) more directly by noting that we need 
to consider only small perturbations around the chosen background. Taking the limit 
of vanishing perturbations in eq. (1.17) and requiring that the background satisfies the 
resulting equation of motion fixes cu{5,o) = 0. In conclusion, eqs. (1.14a), (1.14b) have the 
same content as eqs. (1.11a), (1.11b). The Einstein's field equations following from (1.13) 
are the same as (1.12). Thus, by the above reasoning, the selfdual dynamics of the relevant 
bosonic type IIB fluctuations is reduced to that of the the field g and a(o,4) with action 



L 



'AdSgxSs 

g^g'® g", 



R{g) *3 1 - F5 A *^F5 



■5 — ^{0,5) + '^a(o,4)- 

The upshot of the above discussion is that all three models described above may be 
treated on the same footing as follows, in spite of their different physical content. 

Space time Mjy is AdS/3-2-p x S2+p. The relevant fields are the metric g and the 1+p 
form field Ai+p. The Freund-Rubin background g, Ai+p is such that g is factorized and 
F2+P = -F'(o,2+p)- The relevant bosonic fluctuations of g and Ai^p around the background 
arc such that g remains factorized and F2+P = -^(0,2+p) + dO'{o,i+p)- The action effectively 
describing the dynamics of the fluctuations is 



(1.21) 



(1.22) 



1 



4«2 



AdSi 



,xS 



2+p 



Rig) *g 1 - F2+P A *gF2+p 



g = g'® g", F2+P = F, 



(0,2+p) 



+ da 



(1.23) 
(1.24) 



The physically important cases are those for which {D,p) = (11, 2), (11, 5), (10, 3). 



2. Implementation of the method 

We are now going to concretely implement the method described in the former section. 
Our starting point is the general action in eq. (1.23). One can easily verify that the field 
equations admit the standard AdS£)_2-p x 82+^ solution gij, Ai^...i^^^ generated by the 
Preund Rubin ansatz [14]. For this, the only non vanishing components of the Riemann 
tensor and field strength are given by 

(1 _l_ 

RKXixu = -aiig^^gx,, - gn^gxi^), ai = _ ^^^^ - 3 - p) ^^""^"^ 

{D — 3 — p) 2 

RaP^S = a2{ga^gi35 " QaSgp^), 0,2 = _ 2)(1 -|- {2Ab) 

Fat...a2+p = eeai...a2+p, other F = 0, (2.2) 
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where eai-.-aa+p denotes the standard volume form on the unit sphere and e is an arbitrary- 
mass scale parametrizing the compactification ^. 

We expand the action in fluctuations around the background gij, ^j^-..^^^^. We 
parametrize the fluctuations Sgij, SAi^...i^^^ of the fields gij, Ai^...i^^^ around the back- 
ground as in [11] 

SQkX = h^x - d-a-p OkXT^i (2.3a) 

V^k-y^ = 0, (2.36) 
Sgap = maf3 + ^anp + V/jn^ + (VaV^ - ai^^a/jV'^V^)^' + ^gapT^, 
m^^ = 0, V^m^a = 0, V'^n^ = 0, (2.3c) 

= (1 + p) V[q-^ aQ,2...ai_|_p] + Cai---ai+p'^V-),6, 
V^a^as-ai+p = 0. (2.4) 

Fluctuations of the other components of Ai^...i^^^ can be disregarded as they are inde- 
pendent from the ones we are interested in, and we can set them directly to zero. Before 
describing the calculation, we note that one could partially fix the gauge by eliminating 
those gauge invariances that do not correspond to the usual reparametrization and form 
gauge invariances from the AdS£)_2-p perspective. This could be done by imposing 

(%a - ^gf3aSg\) = 0, V^%« = 0; (2.5a) - (2.56) 

V^6A^...i^f3 = 0, (2.6) 

as shown in [11]. These conditions imply in particular that Vq^k = 0, Van/? + V/jna = 0, 
(VaV/3 — 2^^9ctl3^^^j)l — ^ ^^'^ ciai-'-ap = 0. So, upon gaugc fixing, the field equations 
of the fields 1^, Ua, q and aai---ap must be enforced by hand as constraints. However, in the 
sequel we will not need to proceed this way. Rather, we will identify the action describing 
the dynamics of the physical scalar fields contained in the w-b fluctuations by taking care 
of the constraints associated with the various gauge invariances using fleld redeflnitions. 



^ In this paper, we adopt the following conventions. Latin lower case letters k,l, . . . 
denote Md indices. Late Greek lower case letters K,\,ji^v... denote indices. 
Early Greek lower case letters a, 7, (5, . . . denote 82+^ indices. 
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The quadratic and cubic actions of the fluctuation fields are given by 

4« JAdSc_2-p JS2+P 



2(D - 2) 



D-2 



4(2 +p){D- A- p) 
{l+p){D-3-p) 2 
2(2+p)(D-4-p) 



4{2 + p)^{D -4- p)^ 



2(2+p)(L»-4-p) 



+ (-l)W«V"Va6+...l, 



and 



43] 



4«2 



^AdS 



1 ukX 



+ \V.h\Vxh% - \V^h^^Vxh 



1+p 2 



D-2 



12 



+ 



1 



-TT 



2(i:»-4-p) 
1 

"2(2 + p) 



/i'^^V^V^/i«A - hW^'V^h'^x + /i^V'^V^/i.A 

D - 6 - 2j9 



+ 



A{2+p){D-A-p) 



D-2 



7rV"/i'^^V«/i«A 



4(2 + p)(D-4-p) 



+ 



1+p 



{D-2){D-A-p) 



e^TT 



D 



2{2 + p){D-4-p) _ 



h 



+ IV^ttVatt 



(I^-2)(4 + (3I^-10)p-3p^) - - 
+ 8{2 +pnD- A- pr ^ '^^ ^^'^^ 



(iJ-2)(2 + (D-3)p-p^) - , - (i^-2-p)(l+p) , 

H ^77^- T^TTT^ : — " kTTV VaTT rr:: ttt; : rC tl kTTTT 



+ 



+ 



2(2+p)2(D-4-J9)2 

D - 2 



4(2+j9)(L>-4-p) 



2(2+p)2(D-4-p) 



TrVTrV^TT 



{D - 2) (4^2 _ 28£) + 56 + {5D^ - 40D + 84)p - {7D - 26)p2 + 2p^) 

4(2+p)3(L>-4-p)3 



(1 + p) (i:> - 3 - p) (6L> - 20 + (i:> - 8)p - 

H TTZ s „ , „ ^ r;^ TTTTTT 



6(2+p)'^(D -4-p)^ 
\h\h^x - h\h\ V'^Vab - (-1) W«7rV«Va6 



5i;-14+2(D-5)p-2p2 
+ ^ 2(2+p)(i;-4-p) '^'"''^ 



+ /l«^V«V"6VAVa6 - i/l",V'^V"6VAVa6 + 



1 



1+P 

2 + p 



^ D — 4 — p J 



(2.8) 



Above, we show the terms containing the fields /i^a, tt, 6 only, since they contain the 
relevant scalar fluctuations s and t which couple to the chiral operator of the boundary 
conformal field theory of our interest. 

Instead of fixing the gauge right away, we isolate the relevant scalar degrees of freedom 
by performing suitable field redefinitions, as done in [17,18]. We write the AdS metric 
fluctuations as 



hnX = (t>K\ + (V^Va 



D-A-p 



(2.9a) 



where 



X 



l+p){D-4-p) ^2 



D 



{D-2){D-3-p) 
'-IF^ 



-7r + (-l)^ 



4-p) 



eh 



(2.96) 



{2 + p){D - 2, - p)" ■ ' ' D-3-P 

By construction, the fleld (/)kA decouples from the flelds tt, b at the quadratic level. 

The scalar flelds s, t are given by linear functionals of tt, b non local in 82+^ deflned 
as follows. One expands s, t as well as the scalar flelds tt, b with respect to an orthonormal 
basis {Yj} of scalar spherical harmonics of 82+^ (cfr. appendix Al) 

7r = ^7:iYi, b^J^^i^i- (2.10a) - (2.106) 
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Then, 



(2.11a) - (2.116) 



where 



si 
ti 



2k+l+p\2{2 + p){D-Z-p) 
1 / 1 



{l+p){D-2) 
{-l)Pk 



ebi). 



2k+l+p\2(2 + p)(D-3-p) (l+p)(D-2) 
The action obtained in this way is of the general form 



(2.12a) 
(2.126) 



+ 



where the are scalar fields and Xijk = Kkj, IJ^ijk = fJ^jik, Pijk = Pjik, cnjk = crjik = 
Cifcj = ■ ■ ■ etc. and the ellipses denote terms in the ipi of order larger than 3. By performing 
successively the field redefinitions 

V'* = V'^ - ^ E hjki^'j^^^.i^'k + {^Jk^^''^.{i^'M)\ , 

jk 

i^'i = V'i' - X] (pjfci + ^jikmk^ + i^jkirrii'^^'^j'i^k, 

jk 

one can bring the action in the form 

•/AdSd+l L ^ 

ijk 

where the totally symmetric coupling constants gijk are given by 

9ijk = \{\jkmj'^mk^ + Xjkimk^mi^ + XkijUii'^mj'^) 
+ lifJ'ijkrrik^ + fJ'jkimi'^ + ^jm/) 
+ \ {Pijk'mk^ + Pjki'mi'^ + Pkij'mj^) + aijk- 
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Then, one finds that, after performing the indicated field redefinitions, the action of 
s and t to cubic order is given by (suppressing double primes for simplicity) 



TSt 

^[<3] ^ 4^2 



I L 

+ E 



^lil2/3«^i«^2S73 +^lfl,/3S/iS/,t73 +5rf4j3t7,t/,S73 +5rifj^j3t7,t7,t73 



, (2.13) 



with d = D — 3 — p. The various constants appearing in the actions are given by the 
following expressions. 



_ 2z.A:(fc-l)(2fc + l+p) ^ 

, 2u{k + l+p){k + 2+p){2k + l+p) __2_p 
^7 = r- ^/e ^; 



(2.14a) 
(2.146) 



nisi'^ = k{k — 1 — p)e^, 

mti'^ = {k + l+p){k + 2 + 2p)e^; 



(2.15a) 
(2.156) 



„8as _ A 



a\a2az{a - \{1 +p)) {a + |(1 +p)) 
Kki + ls){k2 + ls){kz + ls) 



d 



9hl2l3 — ^ 



D-3-pJV' ■ 2(i:»-2) 
+ - (1 +p){D — 3 - p){ai'^a2 + a-i'ax + ol'i'ol'^ + a3^Q;2 + ct3^«i + ai^cta) 
+ (3i:> - 8 + (2i:> - 8)p - 2p2)aia2a3 

+ (1 +p)(-|D + 2 +p)(q;iq;2 + Q;2Ci;3 + CKsCKi) |a7i72/3 (^71^72^73)6"^, (2.16a) 

(01 + ^1 +/'))("2 + 1(1 +/>))o3(n3 - 1 -/>)(n + i(l +/>)) 



X |(a3 - l)(^a3 + 



(A;i+7.)(^2 + 7.)(^3 + 7t) 



(l+p)(-L» + 3+p) 



(l+p)(-L> + 4 + p)\ 



D-2 y ^ D-S-p ) 



{l+p){D - 3 -p)(q;i^q;3 + a^^ai + a^'a^ + Q;3^q;2) 



+ {-\^{D -^)p-p^){0Lx^0L2^0L'^0Lx) 
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+ (L» - 4 + (2D - 8)p - 2p^)aia2as 

+ (1 + p)p{D -3-p) (aias + Q!2Q!3) 

+ {l+p){-D + 2 + {D- 3)p-p^)aia2 

+ {l+p){D - 3 - + (1 +p)a3^) 

+ {l+pf{-D + 3 + p){ai + a2 + a^)] \ai,i,i,{Ci,Ci,Ci,)e-P , (2.166) 



tts _ A <^1<^2 (ag +1(1+ p)) («3 + i (1 + p)) (« + 1 + p) 

^'^'^'^ ^ (A:i+7t)(fc2 + 7t)(fc3 + 7.) 

X I (.3 + 2 + p) (as + ^ ^) (as + ^^3_^ 

^ r 

- - (1 +^')(-D - 3 -p)(ai^Q;3 + Cts^Cli + Q;2^Ct3 + Ct3^Ct2) 

+ (-1+ (i:>-4)p-p2)(Q;i^Q;2 + Q;2^ai) 

+ (L> - 4 + (2L> - S)p - 2j92)aia2a3 

+ (1 + p) (f L» - 8 + (2D - 9)p - 2p2) (aiaa + a2Q;3) 

+ (1 + p) (f D - 6 + (2D - 9)p - 2/)aia2 

+ (1 +p)(|D - 5 + (D - 5)p-p^){ai^ + (X2^) 

+ (1 +p)'(|D - 5 + (D - 5)p - p2)(ai + ct2)] |a,,7,73(C7iC/,C/3)e-f , (2.16c) 
„ttt _ ^ 



m (ai + |(l+p))(a2 + |(l+p))(a3 + i(l+p))(« + l+p)(a + 2 + 2p) 



3(/ci + 7t) (/C2 + It) {h + 7t) 

{l+p){4D -9-p)- 



e 

+ - 



2(D - 2) / 

(1 +p){D - 3 - p){ai'^a2 + q;2^q;i + q;2^q;3 + q;3^q;2 + a^^ai + cui^cus) 
+ (3D - 8 + (2D - 8)p - 2/)aiQ;2a3 

+ (1 + p) (4D - 13 + (3D - 14)p - 3/) (aia2 + a2Q;3 + a^ai) 

+ {l+pf{D -\- p){ai^ + a2^ + as') 

+ (1 + pf{3D - 11 + (2D - f )p - 2p2)(ai + ^2 + ^3) 
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+ {2+p){l+pf{D - 4 - p) \ai^i,i,{Ci^Ci,Ci,)e-^ 



where 



v = {D-2)(l+p){D-d-p), 
l+p 



Is 

It 

9 



D-3-p' 
{l+p){D-4-p) 



D-3-P 
-D + l + {D-4:)p-p'', 

C^16{D-2)\l+p){D-3-p), 



{D-3-p) 
{D-2){l+p)' 



and 



ai ^ ^ik2 + ks - ki), etc., 
a = ^{ki + k2 + ks), 



{2.16d) 

(2.17a) 

(2.176) 

(2.17c) 
(2.17(i) 
(2.17e) 

(2.18) 



(2.19a) 
(2.196) 



and zi, ai^i^i^, (Cj-^Ci^Ci^) are defined in appendix Al. 

As previously mentioned, the fields q and 1^ act as Lagrange multipliers enforcing cer- 
tain constraints involving h^x, it, b. Such constraints, however, do not affect the quadratic 
and cubic terms of the fields s and t in the action, which are thus gauge invariant. This 
can be shown as follows. 

To linear order, the constraints can be read off from the part 1^2°'^^*'^ quadratic 
action /pj which is linear in the fields directly involved by gauge fixing such as l,^, ria, q, 
etc. By direct computation, one can check that only q contribute to 1^2]^^^^ 

1 



rconstr 



'[2] 



4:K 



AdSr,_2 
l+P 



2+p 



D-3-P 



D-2 

{D-2) 



2{D-2) 



-TT 



(2 + j9)(D-4-p) 
V^TT + 2(-l)PeV«6 + V^/iAK - V,/i\ 



(2+p)(D-4-p) 

Perform the field redefinition (2.9) and expand ^k; in scalar harmonics of 82+^ 



(2.20) 



(2.21) 
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g = qiYi-, h = ^ IikYi. 



(2.22a) - (2.226) 



Then /["al"^*' ^^kes the form 



Tconstr 

^[2] 4^2 



^ / ^'+V(-^d+l)^ 

^AdSd+i 



Wili^ 



where 



ui 



^i^(fc - l)k{k + l+p){k + 2+p)zie^-P, 



, _ 2{D-2) , 
wi = k{k + 1 + p)zie^^ , 



(2.23) 

(2.24) 

(2.25a) 

(2.256) 
(2.26) 



7s, 7t are given by (2.17b), (2.17c) and zj is defined in appendix Al. The gauge fixing 
conditions (2.5) would amount to 

liK^O, k>l, qi^O, k>2. (2.27) 

The constraint associated to qi yields an apparent mixing of (f)i"'K, sj, tj. The mixing can 
be removed, before fixing the gauge, by performing the following field redefinition in the 
action /ggj and (cfr eqs. (2.13) and (2.23)): 



where 



si ^ s'j - Cjqi, ti =t'j - c\qi, 



s ^ ik+l+p){k + 2+p) _2 
2{D-3-p){2+p){2k+l+pf ' 
k{k- 1) o 



Cr = 



e . 



2{D-Z-p){2+p){2k+l+p)' 
Then, the s t action -f[<3] remains of the form (2.13) while /p]"^*'^ becomes 



(2.28) 

(2.29a) 
(2.296) 



rconstr ^ 

^[2] - 4^ 



AdS 



d+l 



(2.30) 
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In this way, the hnear order constraints are simply conditions on and decouple from s 
and t. At higher orders, the constraints yielded by gauge fixing are therefore of the form 



C(0,s,t) + ..., 



(2.31a) 



'Xn-V^(l)^x = D{(j),s,t) + ..., 



(2.316) 



where C{(f),s,t), D{(f),s,t) are certain composites of the fields 4)k\, s, t of polynomial 
degree at least 2 and the ellipses denote contributions containing other fields. Thus, it is 
evident that the 00 terms of the quadratic action yield no sss, sst, tts, ttt couplings at 
cubic level via the constraints. Since there are no (fm, (f)b terms in the quadratic action, 
the constraints cannot generate any sss, sst, tts, ttt couplings from these at cubic level. 
Higher order terms involving produce obviously no contribution to the cubic coupling 
terms of s and t. Thus, the s, t action /p^gj is not affected by the constraints associated 
with gauge fixing as announced. 

From (2.13) and (2.17a), it appears that the kinetic term of the fields sj with A; = 0, 1 
vanishes. Therefore, such fields are non propagating gauge degrees of freedom. Consistency 
requires that they should decouple from all the propagating physical fields. Indeed it is 
easy to check that the coupling constants QjIi^j^, dhhh^ ^h^hh (2.16a)-(2.16c)) 
all vanish whenever the fields s/ with A; = 0, 1 are involved. To this end, one has to use 
the property that the triple contraction {Ci^Ci^Cj^) vanishes unless the values of the non 
negative integers ki, k2, are such to allow complete contraction of the SO{3+p) indices 
of the C/'s (see appendix Al). 

The expressions of the coupling constants gi^i^h simplify considerably when the con- 
stant d (cfr. eq. (2.17d)) vanishes. This happens precisely for {D,p) = (11,2), (11,5), 
(10, 3). These values correspond to the physically interesting cases of AdSy x S4, AdS4 x Sy, 
AdSs X S5. 

Writing in eq. (2.13) 



Aj — Ajzje 



(2.32) 



2 —2—2 

mi = mi e , 



(2.33) 



(2.34) 



one has: 



AdSy X S4 
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_ 324fc(fc- l)(2fc + 3) 

_ 324(J; + 3){k + 4)(2k + 3) 

rn • 

fhlj = - 3), 

m^tj = {k + 3){k + 6); 

7776aia2a3(a - - - |) 

23328(^1 + |)(a2 + |)«3(«3 - 1)(«3 - 2)(a3 - plo^s - 3)(a+ |) 

(/Cl + ^)(/C2+|)(/C3+i) 

23328aia2(c^3 + f )(Q3 + f )(«3 + |)(Q3 + 4)(a3 + §)(« + 3) 
{ki + l){k2 + i){k3+i) ' 
7776(ai + f )(a2 + f )(a3 +§)(« + 3)(q; + 4)(q; + 5)(a + ^)(q; + 6) 

(/ci + f)(/c2 + i)(/c3 + i) 

St 



324/c(/c- l)(2/c + 6) 
fcT2 ' 
324(/c + 6)(/c + 7)(2/c + 6)^ 
k + A ' 



k{k - 6), 



mil = (A; + 6)(A; + 12); 



7776aia2a3(a + 2)(a2 - - 9) 

(fci+2)(fc2 + 2)(fc3 + 2) ' 

23328(ai + 3)(a2 + 3)«3(a3 - 1)(«3 - 2)(«3 - 4)(a3 - 6)(a + 3) 
(A;i+2)(A;2 + 2)(A;3 + 4) 

23328aiQ2(a3 + 3)(a3 + 4)(a3 + 5)(a3 + 7)(a3 + 9)(a + 6) 

(A;i + 4)(A;2 + 4)(A;3 + 2) 
7776(ai + 3)(a2 + 3)(a3 + 3)(a + 6)(a + 7)(a + 8)(a + 10)(a + 12) 

(/ci + 4)(A;2 + 4)(A;3 + 4) ' 
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AdSs X S5 



256k{k - l){2k + 4) 

256(/g + 4)(/g + 5)(2/g + 4) 
k + 3 ' 



(2.41a) 
(2.416) 



2, = (A; + 4)(A: + 8); 



(2.42a) 
(2.426) 



-sss 

y/1/2/3 



-sst 



-tts 



-ttt 



1638 In in 2030(0 2 - l)(n- -4) 

3(A;i + l)(A;2 + l)(A;3 + l) ' 
16384(ai + 2){a2 + 2)^3 (c^3 - l)(c^3 - 2)(a3 - 3)(a3 -4){a + 2) 

{ki+l){k2 + l){k3 + 3) 

16384aia2(c^3 + 2)(a3 + 3)(a3 + 4)(a3 + 5)(a3 + 6){a + 4) 

ih+Wh+Wh+T) ' 

16384(ai + 2){a2 + 2){a3 + 2){a + 4)(a + 5)(a + 6)(a + 7){a + 8) 
3(/ei + 3)(A;2 + 3)(/c3 + 3) ' 



(2.43a) 
(2.436) 
(2.43c) 
(2.43d) 



3. Application of the method 

We are now ready to compute two and three point functions in the SCFTs using the 
AdSd+i/CFTd correspondence. The general formulas derived in [19] work with AdS radius 
set to 1. Assume that the AdS scalar fields 0, correspond to the CFT local field Oj. The 
mass rui of 0i and the conformal dimension Aj of Oi are related as 



(3.1) 



Then 



(3.2) 



where rji is the coefficient of the canonically normalized kinetic term of the bulk field (f)i, 
and 



|a; _ y|Ai+Aj-Afc _ ^jAj+Afc-Aij^ _ ^|Afc+Ai-Aj ' 



(3.3) 
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with 



R 



1 r(i(A, + A, -Afc))r(l(A,+Afc-A,))r(i(Afc + A,- A,)) 
Ail J 



r(i(Ai + Aj + Afc - d))wiWjWk 



r(A, - f )r(A, 



f)r(A, 



(3.4) 



where A^fc is the cubic couphng constant of 0^, 0^, 0^ multiphed by the appropriate sym- 
metry factor. The factors Wi parametrize unknown proportionahty constants which relate 
the fields 0j to the sources of the operators Cj, as in [5]. These factors can presumably 
be fixed by carefully studying absorption processes on the branes [20]. However, for the 
present purposes we follow ref. [5] and fix them to normalize the two point functions as 



mx)0^{y)) = 



\x-y 



2Ai ■ 



(3.5) 



With this canonical normalization the three point functions are readily computed. 

In our case, d — D — 3 — p. Imposing that the AdS radius is 1 fixes the value of e to 

be 



d 



e 



1 +p 



(3.6) 



We denote by Oj, 0\ the CFT^^ operators corresponding to the AdS^+i scalars s/, ti in 
the AdSd+i/CFTd duality. Their dimensions are given by 



Af 
A 



dk 

t _d{k + 2 + 2p) 



1+p 



(3.7a) 
(3.76) 



From (2.13), it appears that in the present case 

1 



^1 



-A1 



4^2 -fi' 
3! 



etc.. 



2! 



\SSS „888 \SSt „SSt 

We find the following expressions. 
AdS? X S4 

In this case one has 7^ = and e = 2. Set 

{2k + l)\{2k + 4)\{2k + 7)\ 



etc. 



(3.8) 
(3.9) 



T{k) = 16 



(2k + 6)\(2k + 8)\(2k + 9)l(2k +11)! 



(3.10a) 
(3.106) 
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Then, 



TfSSS 



1 



-{Ci,Ci,Ci,)a{h)a{k2)(T{h)2''^T{a) 



R 



sst 

I1I2I3 



4:{nNy. 

xr(Q!i + i)r(Q;2 + i)r(Q;3 + |), 
1 



(3.11a) 



{Ci,Ci,Ci,)a{k,)a{k2)T{h)2'^T{a + 2) 



X 



tts 

I2I3 



4(7riV) 
r(2Q!i + 6)r(2a2 + 6) 
T{2ai + 2)r(2a2 + 2) 
1 



r(ai + f)r(a2 + |)r(a3-i), 



(3.116) 



X 



R 



ttt 



4{ttN) 
r(2a3 + 10)r(2a3 + 12) 
r(2a3 + 2)r(2a3 + 8) 
1 



r{a + 4) 



T(2a + 5) 

r(ai + i)r(a2 + ^)r(a3 + i), 



{Cl,Cl,Cl,)T{kl)T{k2)T{ks)2 



2«r(2a + 13)r(2ct + 15) 



4(7riV) 

T{2ai + 6)r(2a2 + 6)r(2a3 + 6) 
r(2ai + 2)r(2a2 + 2)r(2a3 + 2) 



(3.11c) 
T{a + 6) 



r(2a + 5)r(2a + ll) 
r(Q;i + |)r(a2 + |)r(a3 + f). (3.11d) 



AdS4 X S7 



In this case one has -j^ = — ?P— and e = . Set 



4« 2 2 ttS 



aik)=[ik+l)\]^ 



T{k) 



kljk + 2)\{k + 3)\{k + 5)\ 
(A; + 4)!(A; + 7)!(A;+10)! 



Then, 



RKkis = {Ci,CiM<^{k,)a{k2)a{ks)2-—^ 



r(|« + i) 



r(i(ai + l))r(|(a2 + l))r(^(a3 + 1)) ' 
RfXis = lQ)hci,CiM<^ik,)aik2)Tiks)2--^ 

r(ni + 5)r(n2 + 5) 



raa + 2) 



r(«i + l)r(a2 + 1) r(i(ai + 3))r(i(a2 + 3))r(i(a3 - 1)) ' 

71/2 



«r(n + 8) 



R'lXis = l{j^y{ChCi.CisMh)r{k2)a{ks)2--^ 



r(Q; + 4)r(ia + 3) 



(3.12a) 
(3.126) 



(3.13a) 



(3.136) 
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X 



r(a3 + 5)r(a3 + ll) 



T{as + l)T{a3 + 3) r(i(ai + l))r(i(a2 + l))r(i(a3 + 5)) 



(3.13c) 



R 



ttt 



TT / 2 \ 



X 



r(ai + 5)r(a2 + 5)r(a3 + 5) 



T(a + 8)r(a + 14) 



1 



r(a + 4)r(a + 6) r(|Q; + 4) 
1 



r(ai + l)r(a2 + i)r(«3 + l) r(i(ai + 3))r(i(a2 + 3))r(|(a3 + 3) 



3.13d) 



AdSs X Ss 



In this case one has ^ 



ande 



1. Set 



aik) 

T{k) 



k^, 



l)!(A- + 2)! 
(A; + 5)!(A; + 6)!(A; + 7)! 



(3.14a) 
(3.146) 



Then, 



TDSSS 



sst 

I2I3 



X 



— {Ci^Ci^Ci^)a{ki)a{k2)a{k3), 

^{Ci,Ci,Ci,)a{kr)a{k2)r{k3) 

V{ai + 3)r(ai + 4)r(a2 + 3)r(a2 + 4) 
r(ai + l)r(ai + 2)r(a2 + l)r(a2 + 2) ' 



^/f/2/3 = J^{CIA.CI,)T{k^)T{k2)a{k3) 
r(a3 + 7)r(a3 + 8) 

r(«3 + i)r(a3 + 2)' 

^ -.{Cl,Cl^Cl,)T{k^)T{k2)T{k3 



V{a + 5)r(n + 6) 
r(a + 3)r(a + 4) 



X 



ttt 



Rl 



r(a + 9)r(a + 10) 



(3.15a) 



(3.156) 



(3.15c) 



X 



N — ■ ■ ■ r(a + 3)r(a + 4) 
r(«i + 3)r(cti + 4)r(a2 + 3)r(a2 + 4)r(a3 + 3)r(a3 + 4) 
V{ai + l)r(ai + 2)r(a2 + l)r(a2 + 2)r(a3 + l)r(a3 + 2) ' 



(3.15d) 



4. Conclusions 



We have derived three point functions for a set of chiral operators, including the pri- 
mary ones, for the large N limit of maximally supersymmetric CFT^ in cZ = 3, 4, 6 using the 
AdS/CFT correspondence. In obtaining such results we have used a general gravitational 
action which could treat the different cases simultaneously. We have obtained the three 
point couplings for the bulk fields on AdS working at the level of the action. However, we 
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have also checked the correctness of our results by computing with a different method a 
subset of the couplings. This method consists in identifying the quadratic corrections to 
the linearized equations of motion and integrating them into an action, as done in [5]. 

Some of the final results for the three point correlation functions are not new, and can 
be used as a check on our lengthy calculation and procedure. In particular, in the super 
Yang-Mills case (AdSs x S5) we have reproduced exactly the correlation functions for the 
CPO {Of{x)0^j{y)OI^{z)) worked out in [5], and the correlators {Of{x)0^j{y)0^j^{z)) re- 
cently computed in [6] (the relevant bulk coupling are also given in [7]). Other correlators 
are new predictions from the AdS/CFT correspondence. They could in principle be ob- 
tained from the CPO correlators by a systematic use of the superconformal algebra [21], 
though we have not attempted to do so. For the d = 6, J\f = (2, 0) SOFT (AdSy x S4) we 
can compare our results for the CPOs with ref. [9]. Actually, their results differ slightly 
from ours, though those authors seem to agree with our findings [22]. All other results are 
new as new is the case of the d = 3, J\f = 8 SOFT (AdS4 x S7). 

We should mention that in obtaining the values of the correlation functions for cer- 
tain extremal cases we have implicitly used an analytic continuation in the conformal 
dimensions of the operators [23]. These extremal cases have the property that the bulk 
three point couplings of the supergravity source fields apparently vanish. However this 
zero is compensated by a divergent integral over AdS to produce a finite final result. A 
recent analysis on these issues has appeared also in [24], supporting the use of analytic 
continuation. 

Al. Scalar Spherical Harmonics 

We describe the n-sphere of radius p = by Sn = {z^ = p^\z G M"'"'"^}, and use 
scalar spherical harmonics defined by 1/ = C/i^...i^x*i...a;*'=, where the coordinates = ez* 
live on the unit sphere and the tensors Cii^,,,i,^ form an orthonormal basis of the completely 
symmetric traceless tensors so that Cii^,,,i^Cj'^'^—'^'^ = 5ij. The Yj are eigenfunctions of the 
Sn Laplacian 



V"Val/ = -e'^k{k + n- l)Yi. 



{Al.l) 



One has 




{Al.2a) 
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where 

(n- 1)!!H _„ , o , 

(zcK + n — 1)!! q;i!q!2'q;3! 

{Ci-^Ci.^Ci.J denotes the unique 5*0(^ + 1) scalar contraction of three tensors Cii^___i^ and 
ujn is the volume of the unit sphere 

ZTT 2 

In particular, the Yi form an orthonormal basis of the Hilbert space of scalar functions on 
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